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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zaruriyati. Jahon miqyosida olib
borilayotgan ko‘plab ilmiy-amaliy tadgiqotlar, ba’zi hollarda xususiy hosilali
nochizigli differensial tenglamalarni ifodalovchi matematik modellar bilan
tavsiflanadi. Ushbu turdagi nochizigli differensial tenglamalar orasida maxsus
yechimlarga ega tenglamalar sinfi, solitonlar alohida ajralib turadi. Solitonlar
nazariyasida nochizigli tenglamalar juda muhim o‘rin kasb etadi, masalan,
Korteveg-de Friz tenglamasi, nochizigli Shredinger tenglamasi, modifitsirlangan
Korteveg-de Friz tenglamasi, shular jumlasidandir. Bu kabi tenglamalar kvant
mexanikasi, nochizigli optika, chuqur suvdagi to‘lginlar nazariyasini o‘rganishda
muhim rol o‘ynaydi. Shu boisdan, nochizigli Shredinger tenglamasi, Korteveg-de
Friz tenglamasi va modifitsirlangan Korteveg-de Friz tenglamasini integrallash
masalasi zamonaviy matematik fizikaning muhim vazifalaridan biri bo‘lib
kelmoqda.

Hozirgi kunda jahonda nochizigli to‘lginlar nazariyasidagi izlanishlar,
jumladan, egiluvchan trubalarda suyugliklarning harakatlari, optik solitonlar
telekommunikatsion texnologiyalar sohasida qo‘llanila boshladi. Haqiqgiy fizik
sistemalar klassik tenglamalar modifikatsiyalaridan biri bo‘lgan moslangan
manbali tenglamalar bilan xarakterlanadi. Bundan tashqari, fizik sistemalarga ta’sir
etuvchi kuchlar fagat vaqtning ma’lum bir davri mobaynida chegaralangan bo‘ladi,
shuning uchun, hagiqiy modellar fazoviy o°zgaruvchilar bo‘yicha ma’lum bir
funksiyalar sinfidagi tenglamalarni o‘rganishga keltiriladi. Nochizigli optika,
plazma fizikasi, gidrodinamika va boshga sohalarda moslangan manbali va
yuklangan nochizigli evolyutsion tenglamalarni o‘rganish fanning ustuvor
yo‘nalishlaridan biri hisoblanadi. Shu munosabat bilan moslangan manbali va
yuklangan nochizigli Shredinger tenglamasi va yuklangan Korteveg-de Friz
tenglamasi va modifitsirlangan Korteveg-de Friz tenglamasini o‘rganish magsadli
ilmiy tadqiqotlardan biri hisoblanadi.

Mamlakatimizda ilmiy va amaliy tatbiqga ega bo‘lgan fundamental fanlarga
alohida e’tibor qaratilmoqgda. Xususan, nochizigli to‘lginlar nazariyasi, differensial
operatorlarning spektral nazariyasi va matematik fizika masalalarini o‘rganishga
¢’tibor kuchaydi. Buning natijasida to‘g‘ri va teskari masalalar usuli yordamida
matematik fizikaning nochizigli evolyutsion tenglamalarini to‘la integrallashda
salmogqli natijalarga erishildi. Matematik fizika va ushbu sohaning zamonaviy
usullari sohasida xalgaro standartlar darajasida ilmiy tadqiqotlar olib borish asosiy
vazifa va yo‘nalish etib belgilandi®. Ushbu qarorlar ijrosini ta’minlash magsadida
sochilish nazariyasining to‘g‘ri va teskari masala usuli va to‘g‘ri usullar yordamida
moslangan manbali nochizigli tenglamalarni, shuningdek, yuklangan nochizigli
tenglamalarni integrallashni rivojlantirish muhim ahamiyatga ega.

O‘zbekiston Respublikasi Prezidentining 2017-yil 7-fevraldagi PF-4947-son
“O‘zbekiston Respublikasini yanada rivojlantirish bo‘yicha harakatlar strategiyasi

1 O‘zbekiston Respublikasi Vazirlar Mahkamasining 2017-yil 18-maydagi “O‘zbekiston Respublikasi Fanlar
Akademiyasining yangidan tashkil etilgan ilmiy tadgigot muassasalari faoliyatini tashkil etish to‘grisida”gi 292-sonli
garori.
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to‘g‘risida”, 2022-yil 28-yanvardagi PF-60-sonli “2022-2026 vyilllarga
mo‘ljallangan Yangi O‘zbekistonning taraqqiyot strategiyasi to‘g‘risida”gi
farmonlari, 2017-yil 17-fevraldagi PQ-2789-son “Fanlar akademiyasi faoliyati,
ilmiy tadqiqot ishlarini tashkil etish, boshgarish va moliyalashtirishni yanada
takomillashtirish chora-tadbirlari to‘g‘risida”, 2017-yil 20-apreldagi PQ-2909-son
“Oliy ta’lim tizimini yanada rivojlantirish chora-tadbirlari to‘g‘risida”, 2018-yil
27-apreldagi PQ-3682-son “Innovasion g‘oyalar, texnologiyalar va loyihalarni
amaliyotga joriy qilish tizimini yanada takomillashtirish chora-tadbirlari
to‘g‘risida”, 2020-yil 7-maydagi PQ-4708-son “Matematika sohasidagi ta’lim
sifatini oshirish va ilmiy tadgiqotlarni rivojlantirish chora-tadbirlari to‘g‘risida”gi
garorlari hamda mazkur faoliyatga tegishli boshga normativ-huqugiy hujjatlarda
belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya tadgigoti muayyan
darajada xizmat giladi.

Tadgiqgotning respublika fan va texnologiyalar rivojlanishining ustuvor
yo‘nalishlariga bog‘ligligi. Ushbu tadqiqot O‘zbekiston Respublikasi fan va
texnologiyalar rivojlanishining V. “Matematika, mexanika va informatika”
ustuvor yo'nalishi doirasida bajarildi.

Muammoning o‘rganilganlik darajasi. 1967 yilda C.S. Gardner, J.M. Grin,
M. Kruskal va R. Miura tomonidan nochizigli Korteveg-de Vries tenglamasi uchun
go‘yilgan Koshi masalasining yechimi teskari masala usulidan foydalanib topilgan.
P. Laks sochilish nazariyasining teskari masalasi usuli universal xarakterga ega
ekanligini ko‘rsatgan. Bu borada keyingi muhim natija 1972 yil V.E. Zaxarov va
A.B. Shabat nochiziqli Shredinger tenglamasiga gqo‘yilgan Koshi masalasini Dirak
operatori uchun sochilish nazariyasining to‘g‘ri va teskari masala usulidan
foydalanib integrallashi bo‘ldi. V.E.Zaxarov va A.B.Shabat ishlarining g‘oyasidan
foydalanib, M.Vadati modifitsirlangan Korteveg-de Vries tenglamasini yechishga
muvaffaq bo‘lgan. V.K. Melnikov nochizigli evolyutsion tenglamalarga moslangan
manba tushunchasini Kiritadi va 1988 yilda moslangan manbali Korteveg-de Vries
tenglamasi teskari masala usulidan foydalanib integrallash algoritmini ko‘rsatib
beradi.

Shuni ham ta’kidlash kerakki, J. Leon va A. Latifiyning ishlarida moslangan
manbali  Korteveg-de Friz tenglamasining fizik ma’nolari  Keltirilgan.
A.B. Xasanov va G.U. Urazboev moslangan manbali Korteveg-de Friz tenglamasi,
modifitsirlangan ~ Korteveg-de  Friz  tenglamasi, nochizigli ~ Shredinger
tenglamalarini  sin-Gordon “tez kamayuvchi” funksiyalar sinfida sochilish
nazariyasining teskari masala usulidan foydalanib integrallaydilar. A.B. Xasanov,
A.A. Reyimberganov va boshgalarning ishlarida esa moslangan manbali
Shredinger tipidagi tenglamalar o‘rganilgan.

Bundan tashgari, R. Hirota tomonidan Korteveg-de Friz tenglamasi,
modifitsirlangan Korteveg-de Friz va nochizigli Shredinger tenglamalarining
soliton yechimlarini topish algoritmi berilgan. Hirota to‘g‘ri usuli yordamida Y. L.
Sun, W.X. Ma, J.P. Yu, A. M. Wazwaz, Y. Ye, L. Wang, Z. Chang, J. He, M.
Gurses, A. Pekcan, W.X. Ma, S. Kumar, B. Mohan, Y. Zhang, L. Jin, C.T. Lee,
C.C. Lee, F.You, J. Zhang, L. Li, C. Duan, F. Yular nochizigli evolyutsion
tenglamalarning aniq yechimlarini topganlar.
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Dissertatsiya tadqiqotining dissertatsiya bajarilgan oliy ta’lim
muassasasining ilmiy-tadgiqot ishlari rejalari bilan bogligligi. Dissertasiya
tadgigoti Urganch davlat universiteti ilmiy tadgiqot ishlari rejasiga muvofig
F-4-61 “Moslangan manbali nochizigli evolyutsion tenglamalarni teskari masala
usulida integrallash” (2012-2016 yy.) ilmiy tadqgigot loyihasi doirasida bajarilgan.

Tadgigotning magqsadi  differensial  operatorlar  uchun  sochilish
nazariyasining teskari masala yordamida tez kamayuvchi funksiyalar sinfida
yuklangan nochizigli Shredinger tenglamasining va to‘g‘ri usullar yordamida
moslangan manbali nochizigli Shredinger tenglamasi, yuklangan Korteveg-de Friz
tenglamasi, yuklangan modifisirlangan Korteveg-de Friz tenglamasining
yechimlarini topishdan iborat.

Tadgiqgotning vazifalari:

tez kamayuvchi funksiyalar sinfida yuklangan nochizigli Shredinger
tenglamasiga go‘yilgan Koshi masalasining to‘la integrallanuvchi bo‘lishini
isbotlash;

tez kamayuvchi funksiyalar sinfida yuklangan nochizigli Shredinger
tenglamasiga qo‘yilgan Koshi masalasining yechimining yagonaligini isbotlash;

to‘g‘ri usullar yordamida tez kamayuvchi funksiyalar sinfida moslangan
manbali nochizigli Shredinger tenglamasining aniq yechimlarini topish;

to‘g‘ri usullar yordamida tez kamayuvchi funksiyalar sinfida yuklangan
nochizigli Shredinger tenglamasining aniq yechimlarini topish;

to‘g‘ri usullar yordamida yuklangan Korteveg-de Friz tenglamasining aniq
yechimlarni topish;

to‘g‘ri usullar yordamida yuklangan modifisirlangan Korteveg-de Friz
tenglamasining aniq yechimlarni topish.

Tadqiqotning ob’ekti yuklangan nochizigli Shredinger tenglamasi,
moslangan manbali nochizigli Shredinger tenglamasi, yuklangan Korteveg-de Friz,
yuklangan modifisirlangan Korteveg-de Friz tenglamalaridan iborat.

Tadgiqgotning predmeti Dirak operatori uchun sochilish nazariyasining
teskari masalasini, Hirota to‘g‘ri usulini va (G'/ G) - usulini nochizigli evolyutsion

tenglamalarni integrallashga go‘llash usullaridan iborat.

Tadgigotning usullari. Dissertatsiyada matematik analiz, matematik fizika,
differensial operatorlarning spektral nazariyasi, funktsional analiz va kompleks
o‘zgaruvchili funksiyalar nazariyasidan, shuningdek, differensial tenglamalarni
yechish usullaridan foydalanilgan.

Tadgigotning ilmiy yangiligi quyidagilardan iborat:

tez kamayuvchi funksiyalar sinfida yuklangan nochizigli Shredinger
tenglamasiga qo‘yilgan Koshi masalasi yechimining yagonaligi va to‘la
integrallanuvchi bo‘lishi isbotlangan;

sochilish nazariyasining asosiy integral tenglamasining sonli yechimlari
topilgan;

Hirota to‘g‘ri usuli yordamida moslangan manbali va yuklangan nochizigli
Shredinger tenglamalarining soliton yechimlari topilgan;

yuklangan Korteveg-de Friz tenglamasi va modifisirlangan Korteveg-de Friz

tenglamasining aniq yechimlari topilgan.
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Tadgigotning amaliy natijalari quyidagilardan iborat:

yuklangan nochizigli Shredinger tenglamasiga gqo‘yilgan Koshi masalasini,
moslangan manbali nochizigli Shredinger tenglamasi, yuklangan Korteveg-de Friz
va yuklangan modifisirlangan Korteveg-de Friz tenglamasining yechimlarini
topish algoritmlari ishlab chigilgan;

yuklangan Korteveg-de Friz va yuklangan modifisirlangan Korteveg-de Friz
tenglamalari  yechimlarining fazoviy o‘zgaruvchilar bo‘yicha analitikligi
to‘g‘risidagi natijalar sonli hisoblashlarda go‘llanilishi asoslangan.

Tadgiqot natijalarining ishonchliligi matematik fizikaning zamonaviy
usullari, matematik tahlil usullaridan usullaridan foydalanilgani hamda matematik
mulohazalarning qat’iyligi bilan asoslangan hamda hisoblash tajribalari natijalari
orgali tagqoslangan.

Tadgiqot natijalarining ilmiy va amaliy ahamiyati. Dissertatsiyaning ilmiy
ahamiyati olingan ilmiy natijalardan chizigli operatorlarning spektral nazariyasi,
gidrodinamika va kvant fizikasida foydalanish mumkinligi bilan izohlanadi.

Dissertatsiyaning amaliy ahamiyati olingan ilmiy natijalardan matematik
fizikada nochizigli evolyutsion tenglamalarni integrallashga tatbig gilish bilan
belgilanadi.

Tadgiqot natijalarining joriy qilinishi. Yuklangan nochizigli evolyutsion
tenglamalarni yechishning to‘g‘ri va teskari usullari bo’yicha olingan ilmiy
natijalar asosida:

Gelfand-Levitan-Marchenko integral tenglamalar sistemasini sonli yechish
algoritmlaridan APVV-18-0308-ragamli grant loyihasida moslangan manbali
nochizigli Shredinger tenglamasini sonli yechishda qo’llanilgan (Slovakiyaning
Komenskiy nomidagi Universitetning 2022 yil 24 iyundagi ma’lumotnomasi).
[lmiy natijalarning qo’llanilishi chizigsiz evolutsion tenglamalarni integrallash
imkonini bergan.

Tez kamayuvchi funksiyalar sinfida yuklangan nochizigli Shredinger
tenglamasiga go‘yilgan Koshi masalasi yechimining yagonaligidan MTM2016-
75140-P “Oddiy va funksional differensial tenglamalar” grant loyihasida
Shredinger tenglamasiga qo’yilgan Koshi masalasini yechishda qo’llanilgan
(Ispaniyaning Santiago de Compostela universitetining 2022 yil 27 iyundagi
ma’lumotnomasi). Ilmiy natijalarning qo’llanilishi nochiziqli Shredinger
tenglamasning sonli-analitik yechimlarini topish imkonini bergan.

Tadgiqot natijalarini aprobatsiyasi. Mazkur tadqiqot natijalari 4 ta xalgaro
va 2 ta respublika ilmiy-amaliy anjumanlarida muhokamadan o‘tkazilgan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya mavzusi
bo‘yicha jami 14 ta ilmiy ish chop etilgan, shulardan, O‘zbekiston Respublikasi
Oliy attestatsiya komissiyasining falsafa doktori dissertatsiyalarini asosiy
natijalarini chop etish tavsiya etilgan ilmiy nashrlarda 8 ta maqola, jumladan, 4 ta
xorijiy va 4 ta respublika jurnallarida nashr etilgan.

Dissertatsiyaning tuzulishi va hajmi. Dissertatsiya kirish gismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro‘yxatidan tashkil topgan. Dissertatsiyaning
hajmi 81 betni tashkil etadi.
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DISSERTATSIYANING ASOSIY MAZMUNI

Kirish qgismida dissertatsiya mavzusining dolzarbligi va zaruriyligi
asoslangan, tadgigotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo‘nalishlariga mosligi ko‘rsatilgan, mavzu bo‘yicha xorijiy ilmiy tadgigotlar
sharhi, muammoning o‘rganilganlik darajasi keltirilgan, tadgiqot magsadi,
vazifalari, ob’ekti va predmeti tavsiflangan, tadgigotning ilmiy yangiligi va amaliy
natijalari bayon gilingan, olingan natijalarning nazariy va amaliy ahamiyati ochib
berilgan, tadgigot natijalarining joriy gilinishi, nashr etilgan ishlar va dissertatsiya
tuzilishi bo‘yicha ma’lumotlar berilgan.

Dissertatsiyaning “Dirak operatori uchun sochilish nazariyasi va
nochizigli evolyutsion tenglamalar uchun toe‘g‘ri usullar” deb nomlangan
birinchi bobida Dirak operatori uchun teskari spektral masala va evolyutsion
tenglamalarni yechishni to‘g‘ri usullari o‘rganilgan.

Butun o‘gda quyidagi tenglamalar sistemasini ko‘rib chigamiz

Lv=¢&v, xeR, (1)

bu yerda v =(vy,vy )T - vektor funksiya va

4w
L= dx )
(x) ™
Bu yerda u(x) potensial quyidagi shartni ganoatlantiradi
[ (1+]x))[u(q|dx < oo. (2)

(1) tenglamalar sistemasining (2) shartni ganoatlantiruvchi quyidagi asimptotikaga
ega yechimlari mavjud va bu yechimlar Yost yechimlari deyiladi.

1) . 0) .
P ()

0) .. 1) .
W(X,§)~[1je_'§x, W(X,§)~[Oje"fx , X—>00. (4)

(¢ (w) funksiya ¢(w) funksiyaning kompleks qo‘shmasi). Demak haqiqiy
& e (—oo,) larda {p,p} va {w,} vektor funksiyalar juftligidan tashkil topgan
Vronskiy determinant noldan fargliligidan bu vektor funksiyalar juftligi (1)

tenglamalar sistemasining chizigli erkli yechimlar juftligi bo‘ladi. Shunga ko‘ra,
ushbu
{_{/ﬁ =a()y +b(E)y, 5)
¢ =-a(S)y +b (5w,
munosabat o‘rinli bo‘ladi. Bu yerda
(&) =W {p.w}=pwr—poy. (6)
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Haqiqiy & lar uchun quyidagi tenglik o‘rinli

a(&)a(e) +b(E)b (&) =1. (7)
a(&) va b(¢&) funksiyalar Imé=0 da uzluksiz funksiyalar va || - da

a(é) = 1+O£| J va b(&) = O(‘ ‘] asimtotikaga ega. Bundan tashgari a(¢)

funksiya Im& >0 yugori yarim tekislikka analitik davom qiladi. Yuqori yarim
tekislikda cheklita & (k=1,2,..., N) nollarga ega va L operatorning xos giymati
bo‘ladi. Shuni aytib o‘tishimiz kerakKi
ele-c)
n,(x)- ' . le=s. ®
a(én)

vektor-funksiya Lh =& h tenglamalar sistemasining yechimi bo‘ladi. (6)
tenglikni inobatga olsak biz Im & >0 da quyidagi asimtotikaga

v~ a(cf)@e@‘x, X o0,

o~ ::1(&)[(1)}“5X , X >0,

ega bo‘lamiz. Ushbu asimptotik formulalardan foydalanib, h,(x) yechimlar uchun
asimptotik formulalarni olishimiz mumkin

0) . 1)
h ~—Cn[lje'9"x , X—>—0, h ~(Oje S X —> 0. 9)

Shunga ko‘ra
W {§0n 1 hn } = q)nlhnz - wnzhnl = _Cn 1 (10)
buyerda ¢n =o(x,&,).

1-tarif. {r(&)= bg £,C} EeRImE >0,k=1LN to‘plamga (1) tenglamalar

sistemasi sochilish nazariyasining berilganlari deyiladi.

2-tarif. (1) tenglamalar sistemasi uchun sochilish nazariyasining to‘g‘ri
masalasi deb u(x) potensial berilgan holda sochilish nazariyasining berilganlarni
topish masalasiga aytiladi.

3-tarif. Sochilish nazariyasini teskari masalasi deb sochilish nazariyasi
berilganlari yordamida (1) tenglamalar sistemasining u(x) potensialini aniglash
masalasiga aytiladi.

w va w Yost yechimlari uchun ixtiyoriy £ € R larda quyidagi

w:[ije‘“ +TK (x,s)e“*ds, (11)
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\TJ:((l)Je““ +TK(x,s)e“i5ds, (12)

K,(x,s)
K,(xs))
Bu yerda yadrolar potensial bilan quyidagi tarzda bog‘langan

u(x) = -2Kq(x,x). (13)
K(x,s) va K(x,s) yadrolar y>x bo‘lganda ushbu

integral tasvir o‘rinli, bunda K (x,s)

K(x,y)+[ij(x+ y)+TK(x,s)F(s+y)ds:0,

K(X,Y) —GJ F(x+y) —TK(X,S)IE(S +y)ds =0,

Gelfand-Levitan-Marchenko integral tenglamalar sistemasini ganoatlantiradi.
Bu yerda

_ 1 wb(g) i < i&ix = _ 1 wb(g) —i&x o & —igjx
F(x) Zn_[oa(cf)e de |JZ_;CJe , F(x) 27[_[0 a(f)e d§+|§CJe .
Birinchi bobning ikkinchi paragrafida nochizigli evolyutsion tenglamalarni
yechishning to‘g‘ri usullari yani Hirota to‘g‘ri usuli va (G/G) - usuli hagida
zarurly ma’lumotlar keltirilgan.
Quyidagi
Flul=F(u,u,,u,..)=0
nochizigli xususiy xosilali differensial tenglama berilgan bo‘lIsin.
u=T[f(xt,.),9(xt,..)],
Quyidagi almashtirish yordamida xususiy xosilali differensial tenglamani Hitora
D - operator yordamida bichizigli forma ko‘rinishida yozib olamiz. Takitlash
lozimkiy, Korteveg-de Friz tenglamasi kabi ba’zi xususiy xosilali differensial
tenglamalar bitta bichizigli tenglama ko‘rinishida, modifisirlangan Korteveg-de
Friz, nochizigli Schredinger va boshga shunga o‘xshash tenglamalarni bichizigli
tenglamalar sistemasi ko‘rinishida yozish mumkin.
4-tarif: S:C"—>C differensiallanuvchi  funksiyalar fazosi bo‘lsin.
D:SxS — S Hirota operatori quyidagi ko‘rinishda

[DD™.. . J{f-g}=[(0,-0,)™ (0, —,)™..]f (X;t,...) x g(x',t',...)\
aniglangan, bu yerda m;, j=1,2,... musbat butun son.
D - operatorining gandaydir kombinatsiyasidan foydalanib, biz F[u]
tenglamaning bichizigli formasini D - operatorining ko‘phadi sifatida yozishga
harakat gilamiz. Biz bu ko‘phadni P(D) bilan belgilaymiz.

5-tarif: Nochizigli xususiy xosilali differensial tenglamalar quyidagi
ko‘rinishda ifodalansa

(14

X'=x,t'=t,...
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}:P(DH f7/=0, n=1,. (15)
a,f=1
u holda bu tenglamalar m, r sonlari uchun Hirota bichizigli forma ko‘rinishda
ifodalangan deyiladi.
1-tasdiq. P(D) operatorga differensiallanuvchi f va g funksiyalar ta’sir
gilsin. U holda quyidagi tenglik o‘rinli
P(D){f-g}=P(-DX{f-g}. (16)
2-tasdig. P(D) operatorga differensiallanuvchi f va g =1 funksiyalar ta’sir
gilsin. U holda quyidagi tenglik o‘rinli

P(D{f -}=P()f, P(D){1- f}=P(-0)f . (17)

3-tasdiq. P(D) operatorga eksponensial funksiyalar e* va e ta’sir qilsin,

bu yerda 6, =k x+..riz+l,y+«; va k,...,r;,l;,&; (j=12.). U holda quyidagi
tenglik o‘rinli

P(D){e*-e%}=P(k, —k,, ...,r,— 1,1, —1,)e%"* (18)

1-natija. Noldan fargli a konstanta uchun P(D){a a}=0 o‘rinli bo‘lsa, u
holda 3-tasdigga asosan P(0,0,...,0) =0 ega bo‘lamiz.
Izoh. P(D){f - f} uchun quyidagi oddiy misollarni ko‘rib chigmiz
DAf -f}=ff—ff =0,
DD{f f}=f f—f f—f f+ff —ff+ff +ff —ff =0.
Ushbu paragrafda (G'/G) - usullnlng asosiy gadamlari keltirib o‘tilgan.
Bizga quyidagi nochizigli xususiy xosilali differensial tenglama berilgan
bo‘lsin
F(u,u,u,u,,u,,u,,..)=0, (19)
bu yerda u=u(x,t) noma’lum funksiya, F- u va uning xususiy xosilalariga
bog‘lig bo‘lgan nochizigli funksiya.
1-qadam. u(x,t) funksiya uchun quyidagi
u(x,t) =u(é), &E=kx+Q(t), (20)
almashtirishdan foydalanamiz, bu yerga k - parametr, Q(t) - uzluksiz funksiya.
Yechimning (20) almashtirishini inobatga olsak (19) tenglamani
P(u,u’,u”,u”,...) =0, (21)

du(s)

oddiy differensial tenglamaga Kkeltirish imkonini beradi, bu yerda u'=——2%,

dé
g2 du@) e du()
de? de&
2-qadam. Faraz qilaylik, (21) tenglamaning yechimini (%) ko‘phad

9 coe o

ko‘rinishida ifodalash mumkin:
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m N\ J
u)=> a (Ej , (22)
o \G
bu yerda G’ funksiya G(&) funksiyaning & bo‘yicha xosilasi, a; (] =0,1,2,...,m)
- keyin aniglanadigan konstantalar, m - musbat butun son, G =G(¢) funksiya
quyidagi oddiy differensial tenglamaning yechimi
G"+AG"+ uG =0, (23)
bu yerda A va u ixtiyoriy konstantalar.
3-gadam. (20) funksiyani (21) tenglamaga qo‘yib, ikkinchi tartibli chizigli
oddiy differensial tenglama (23) yordamida va (G'/G) bir xil tartibli hadlarni
yig‘ish orgali (G'/G) nisbatan ko‘phad ko‘rinishida tenglamaga ega bo‘lamiz.
(G"/ G) ning bir xil darajasi oldidagi koeffitsientlarini nolga tenglashtirish orgali
Q(t), a;, j=12,...,m larda nishatan tenglamalar sistemasiga ega bo‘lamiz.

4-qadam. Q(t), a;, j=12,...,m larni topib, (22), (23) tengliklarni inobatga

olib (19) xususiy xosilali differensial tenglamaning aniq yechimini topamiz.

Dissertatsiyaning “Teskari masala usuli yordamida yuklangan nochizigli
Shredinger tenglamasini integrallash” deb nomlangan ikkinchi bobida Dirak
operatori yordamida tez kamayuvchi funksiyalar sinfida yuklangan nochizigli
Shredinger tenglamasini to‘la integrallanuvchiligi isbotlangan va sochilish
nazariyasining asosiy integral tenglamasi Gelfand-Levitan-Marchenko integral
tenglamasining sonli yechimlari topilgan.

Ikkinchi bobning birinchi paragrafida yuklangan nochizigli Shredinger
tenglamasi “tez kamayuvchi” funksiyalar sinfida integrallangan.

Ushbu

iu, + 2| u+u,, —iy(t)(u(0,t) +u"(0,t)u, =0, (24)
yuklangan nochiziqli Shredinger tenglamasi uchun go‘yilgan
u(x,0)=u,(x), (25)

Koshi masalasini ko‘rib chigamiz. Bu yerda y(t) - nolga aylanmaydigan ixtiyoriy
funksiya, u”(0,t) funksiya u(0,t) funksiyaning kompleks go*shmasi.
Boshlang‘ich shartdagi u,(x) funksiya quyidagi xossalarga ega bo‘Isin:

L[ @[ xD|uy ()] dx < o0

d
1o —UO(X)
2 LO)y=i| (‘ﬂ:g{ﬂj (26)
—U;(X) _i (02 (DZ
dx

tenglama N ta oddiy xos giymatga ega bo‘lsin.
Bu paragrafda (24)-(26) masalaning ushbu u(x,t) yechimi quyidagi

dlu(x,t)

ox!

3

jfo((1+|x|)|uo(x)|+z

=

jdx<oo, t>0
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funksiyalar sinfida mavjud deb hisoblaniladi va bu yechimni topish usulini keltirib
chigarish talab gilinadi. Shu magsadda L(t) operator uchun sochilish nazariyasi

berilganlarining vaqt bo‘yicha evolyutsiyalari aniglanadi. Olingan asosiy natija
quyidagi teoremalarda ifodalangan.
1-teorema. Agar u(x,t)funksiya (24)-(26) masalaning yechimi bo‘lsa, u

holda u yagona.
2-teorema. Agar u(x,t)funksiya (24)-(26) masalaning yechimi bo‘lsa, u

holda L(t) operatorning sochilish nazariyasi berilganlari uchun quyidagi
munosabatlar o‘rinli:

I _ (48 - 250(0.0) +u" Q)" . Mg =0,

dt
an -2 - *
= (4i&2 + 2i& ¥ (t)(u(0,t) +u"(0,1)))C,,

%:O, n=123,...,N.
dt

Olingan munosabatlar L(t) operatorning sochilish nazariyasi berilganlarini

to‘liq ifodalaydi va ular yordamida (24)-(26) masalaning yechimi teskari masala
usuli yordamida topiladi.

Quyida keltirilgan algoritm yordamida yechimni topishimiz mumkin. Bizga
yuqgoridagi masalaning shartlarini ganoatlantiruvchi u,(x) berilgan bo‘lsin.

1. Potensiali u,(x) bo‘lgan L(0) operator uchun to‘g‘ri masalani yechib,
{r(&,0), £(0),£,(0), ..., &, (0),C,(0),C,(0),...,C, (0)}  sochilish  nazariyasining
berilganlarini topib olamiz.

2. 2-teoremaga ko‘ra, sochilish nazariyasining berilganlarini vaqt bo‘yicha

evolyutsiyasini {r(&,1), &(1), &, (1), ..., & (1),C,(1),C,(1),...,C (1)}, t>0
aniglaymiz.

3. Gelfand-Levitan-Marchenko integral tenglamasiga asoslangan teskari
masala usulidan foydalanib, u(x,t) potensialni

{r(&1), @), & (1), ... & (1),C,(1),C, (1), ...,C, (1)} Yordamida tiklaymiz.
Ikkinchi bobning ikkinchi paragrafida sochilish nazariyasinig asosiy integral
tenglamasi Gelfand-Levitan-Marchenko integral tenglamasining sonli yechimlarini
topish ko‘rsatilgan.

Ushbu

-

K, (X, ) +TK1(X,S +X)F(s+x+Yy)ds=0,
’ (27)

K, (X, y)+ F(x+Y) +.[K2(x,s+ X)F(s+ X+ Yy)ds =0,
0

Gelfand-Levitan-Marchenko integral tenglamasining Nystrom usulidan foydalanib
sonli yechimlarini topishni ko‘rib chigamiz, bu yerda
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F(x)= % T R(£)e*dE - izh_l:cke“fkX : (28)

(27) integral tenglamalar sistemasining yadrosi s+ x and s+ X+ Yy larga bog‘liqg,
shuning uchun tugun nugtalarni quyidagi ko‘rinishda yozib olamiz
S;=(1-D7, Bei =%+ Ujip=Beijt Pous

: (29)
Q=%+ By K=12,.,N,, j=12,.,N,.

Simpson kvadraturasi formulasini va (29) to‘r nuqgtalarni inobatga olib biz (27)
integral tenglamalar sistemasini algebraik tenglamalar sistemasi ko‘rinishida yozib
olamiz:

- N,
K;(Xk’ﬂk+p)+Zdel(Xk’ﬂk+j)F(ak+j+p) :0:
N = (30)

=

bu yerda {d .}, :%{1,4,2,4,2,4,...1}, 7 -y botyicha gadami.

(30) tenglamalar sistemasini matritsa ko‘rinishida quyidagicha yozishimiz

mumkin
| HD 1k 0
N 2| = , (31)
HD -1 |k [~

bu yerda D = diag{d }};, Iy, = diag{1}},

H = (F(@ o) fu (F@, ) s, (32)
va noma’lum vektor funksiylar
kz = (Kz(xk’ﬂmp))gip kl = (Kl(xk’ﬁk+p))’:il' (33)

(31) algebraik tenglamalar sistemasini quyidagi shaklda ifodalash mumkin
(DH *DHD + D)k, = Df, ,
{kz =—HDKk,
bu yerda DH*DHD+D matritsa simmetrik shuning uchun tenglamalar
sistemasini gradient usuli orgali yechish mumkin. H matritsa N, x N, o‘lchamli
Hankel matritsasi, (H); =F(a,,;). (13) va (33) inobatga olib u(x) potensialni
k, orgali ifodalash mumkin.

Dissertasiyaning “Nochizigli evolyutsion tenglamalarni yechishning to‘g¢ri
usullari” deb nomlangan uchinchi bobida moslangan manbali nochizigli
Shredinger tenglamasi va yuklangan nochizigli Shredinger tenglamasining tez
kamayuvchi funksiyalar sinfida soliton yechimlarini, yuklangan Korteveg-de Friz
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va yuklangan modifisirlangan Korteveg-de Friz tenglamasining aniq yechimlarini
to‘g‘ri usullar yordamida topish algoritmi keltirilgan.

Uchinchi bobning birinchi paragrafida moslangan manbali nochiziqli
Shredinger tenglamasining tez kamayuvchi funksiyalar sinfida Hirota usuli
yordamida soliton yechimlari topilgan.

Quyidagi
N
iut+2|u|2u+uXX:2iZ((pfj _égj)’ (34)
=1

{wlj,x :ifj%j —Up,;, (35)

Pyix =150, +Ug,;  J=12,..N,
moslangan manbali nochizigli Shredinger tenglamasini garaymiz, bu yerda ¢
1=12,...,N xos giymatlar.
Bu paragrafda (34)-(35) masalaning ushbu u(x,t) yechimi quyidagi
dlu(x,t)

ox!

2

j";[(1+|x|)|u(x,t)|+z

=

j)dx<oo,t20 (36)

funksiyalar sinfida mavjud deb hisoblaniladi va bu yechimni topish usulini keltirib
chigarish talab gilinadi. (35) sistemaning &; j=1,2,..,N xos giymatlarga mos
keluvchi @ =(¢;;,9,;)" xos vektorlari uchun quyidagi normallovchi shart o‘rinli
bo‘lsin

[ oi00dx =B 1), j=12....,N. (36)

bu yerda B;(t), j=12,...,N oldindan berilgan uzluksiz funksiya.

Moslangan manbali nochizigli Shredinger tenglamasining soliton
yechimlarini Hirota usuli yordamida topishni ko‘rib chigamiz. Ushbu
almashtirishlar

J h, .
u=%<olj ==L gy =" J=12.N, (37)
yordamida (34)-(35) masalani quyidagi bichizigli forma ko‘rinishida yozib olamiz
N J—
(iD+Df)g- f=2i) (p} -h7), (38)
j=1
Dif-f=29-7, (39)

{Dxpj-f:igjpjf+ghj, @0)

Db, - f =igh f —gp,,

buyerda § va h funksiyalar g va h funksiyalarning kompleks go‘shmasi, Hirota
bichizigli operatori quyidagi ko‘rinishda aniglangan
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(41)

x=xt=t" "

o oY (o oY
D"D"g(x,t)- f(x,t)=] —— - X, t) f (X', t'
ot fn0 = 22| (S 2 ] et o)

(38)-(40) tenglamalarni yechishda f, g, p; va h; funksiyalarni quyidagi
ko‘rinishda izlaymiz:

f=1+ 2 fO 4+ f@ 4+, (42)
g=29"+ 29" +.., (43)
p,=xp+°pP + ..., (44)
h, =h® (45)

bu yerda y parametr. (42)-(45) funksiyalarni (38)-(40) tenglamalarga qo‘yish va
x ning bir xil darajali koeffitsientlarini nolga tenglashtirish orqali f*, g®, p%
va h), (k=12,..) larga nisbatan tenglamalar sistemasiga ega bo‘lamiz. Ularni

yechish va (37) almashtirishni inobatga olsak (34)-(35) masalaning yechimiga ega
bo‘lamiz.

Moslangan manbali nochizigli Shredinger tenglamasining bir soliton
yechimini topish uchun f va g funksiyalarni quyidagi ko‘rinishda izlaymiz

g=y9", f=1+ %0,
Yuqoridagi f va g funksiyalarni (39) tenglamaga qo‘llash va y ning bir xil
darajalarining koeffitsientlarini tenglashtirib, f® va g ga nisbatan tenglamalar
sistemasini yozib olamiz va ularni yechish orgali quyidagiga ega bo‘lamiz
g(l) —e™, fO — gntintay ’ (46)

bu yerda 7, =kXx+y(t), a,=In k, - konstanta va y,(t) uzluksiz

(k+k)*
funksiya. Keyin gadam p, va h_funksiyalarni topishdan iborat bo‘ladi. Buning
uchun p, va h, funksiyalar

p.=xp), h=h?
ko‘rinishda bo‘ladi. Yuqordagi p, va h, funksiyalarni (40) tenglamaga go‘llash va
x ning bir xil darajalarining koeffitsientlarini tenglashtirib, p, va h ga nisbatan

tenglamalar sistemasini yozib olamiz va ularni yechish orqgali quyidagiga ega
bo‘lamiz
() _ alk+rk—ig)x+Q (1)
p =€ '
; - (47)
hl(l) — (kl + kl)e‘ 1—151)X+Ql(t)—71(t)’

bu yerda Q,(t) uzluksiz funksiya.
(46) va (47) tengliklarni inobatga olsak biz quyidagilarga ega bo‘lamiz
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f =1+ ent2tan ,
g — e771

p — e(kl"'El_i"fl)x"'Ql(t) (48)
1 ]

h = (k, + lzl)e(E*ifl)HQl(t)fh(t)_
(48) funksiyalar va (38) tenglamadan foydalanib Q,(t), »,(t) funksiyalarni va k,
konstantani topish mumkin

Ql(t)=Inﬂl(t)+§(71(t)+an)+n(t),

7 (t) =—4i&*t - 2] BX(r)dz + 7, (0) | (49)

k, = —2i&.
(37), (48) va (49) tengliklarni inobatga olib biz (34)-(35) masalaning bir soliton
yechimini yozib olamiz
e—2i§1x+y1(t)

u(x,t) = (50)

TG A ACGEACIE,

e( —2i&+i& ) x4+ (t)+71 (1) +ay
(Dll(x t) ﬂl(t) ( 2i&+2i& ) x+y (1) +71 (1) +ay,

) ( 2|§1 + 2i§1)eiéx+}7l(t)+all

( 205 +2i& ) x+p (D)+7 () +ay

(pzl(x’t) = ﬁl(t

Moslangan manbali nochizigli Shredinger tenglamasining ikki soliton
yechimini topish uchun f, g, p, va h; (j=12) funksiyalarni quyidagi
ko‘rinishda izlaymiz

g=79%+ 4°g?, f =1+ 21O+ 1@
p;=xp +x°p”, hy=hp.
Yuqordagi jarayonni go‘llash orgali biz moslangan manbali nochizigli Shredinger
tenglamasining ikki soliton yechimini quyidagi ko‘rinishda yozishimiz mumkin
W, @
g +g

u(x,t) = , (51)
1+ 04 £
o = p(l) + p(2) 0, = h® J 19
HOolp O @7 T 1§04 §@ Y
Bunda
fO = gttt | amtlten | @M thtea 4 otz ’ g(l) —em e’ (52)
f O = gttt @) @Ittt gty (53)

pﬁl) :eXp((k1+lzl_ifj)x_72(t)_772(t)+71(t)+771(t)+Qj(t)_r+a11)+

+exp((k1+lz2 _iéfj)x_yl(t)_771(t)+7/2(t)+772(t)+Qj(t)_r+a12)+
18



+exp((k, + lzl - ié:j)x_ 7 (1) =7, (1) + 7, (1) + 7, (1) +Qj(t) —r+a,)+
+exp((k2 + lz2 B igj)x_%(t) _771(t) + 72(t) + 772(t) + Qj (t) —r+ azz) J (54)

p}z) :exp((k1+E+k2+E2—ifj)x+Qj(t)), (55)
exp((k1+lzl_igj)x_72(t)_772(t)+7/1(t)+771(t)+Qj(t)_r) n

(k, +k;)(e™ +e™)
+exp((k1+l22 _igj)x_72(t)_77z(t)+71(t)+771(t)+Qj(t)_r) 4
(k +k,)(e™ +e™)
Pk, +k—ig)x =7 () - 7O+ nM+ M+ QO -1)
(k, +k,)(e™ +e™)
L0k + k= iE)X =7, () -7 ) + O+ 72O + 2, 1)
(k, +k,)(e™ +e™)

buyerda 77, =k;x+y;(t), (j=12), k; konstantalar, y;(t), Q;(t) (j=12)
uzluksiz funksiyalar va

W _
hy’ =

, (1=12), (56)

1
a.mn = |n—_2,
(k, +k.)

B.
o;=In —41, =12
q;

G, = (kl + lz1)(k2 + lzl)’ g, = (k1 + lz2)(k2 + lz2) 1

B — (k1+l<_1+k2+gz) B _ (k1+_k_1+k2+gz)
' (kl + kl)z(kz + k1)2 L (kl o kz)z(kz + k2)2 |
r— (Ez_kl)z(_lzz_lzl)z _
(k. +k)?(k, +k,)?*(k, +k)*
(52)-(56) tengliklarni (38) tenglamaga qo‘llash orgali ,(t), Q;(t) (j=12)
funksiyalarni va k;, k, konstantalarni topish mumkin

Q;(t)=Inp, (t)+%(77,-(t) —r+6)+nM)+7@)., (1=12),  (57)

mn=12

7,(t) = —4iZ% —2[ B2(0)dz +7,(0), (j=12), (58)

K; :—ZiEj, (1=12). (59)
Olingan asosiy natija quyidagi teoremada ifodalangan.
3-teorema. Agar u(x,t) yechim (36) shartni va ¢,;(x,t), ¢,,(x,t) funksiyalar
uchun (36°) shart o‘rinli bo‘lsa u holda (34)-(35) masalaning bir solitonli yechimi
(50), ikki solitonli yechimi (51) ko‘rinishda bo‘ladi.
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Uchinchi bobning ikkinchi paragrafida yuklangan nochizigli Shredinger
tenglamasining soliton yechimlari Hirota to‘g‘ri usulida topilgan.

Quyidagi

iut+2|u|2u+uxx+h(t)uX:O,XGR,tZO, (60)

yuklangan  nochizigli ~ Shredinger  tenglamasini  garaymiz, bu yerda

h(t) =—y(t)u(0,t) va u(x,t) noma’lum funksiya, y(t) - berilgan uzluksiz funksiya.
Bu paragrafda (60) tenglamaning u(x,t) yechimini quyidagi

dlu(x,t)

ox!

2

ji{(1+|x|)|u(x,t)|+z

=1

}dx<oo, >0, (61)

funksiyalar sinfida mavjud deb hisoblaniladi va bu yechimni topish usulini keltirib
chigarish talab gilinadi.

Yuklangan nochizigli Shredinger tenglamasining soliton yechimlarini Hirota
usuli yordamida topishni ko‘rib chigamiz. Ushbu almashtirish

u =%, (62)

yordamida (60) tenglamani quyidagi bichizigli forma ko‘rinishida yozib olamiz:
iDg-f+Dg-f+h(t)D,g-f =0,
{fo - f =2gg,
bu yerda § funksiya g funksiyaning kompleks qo‘shmasi, Hirota bichizigli
operatori quyidagi ko‘rinishda aniglangan:
D,'Dg(x,t)- f(x,t):(g— 6) (Q—EJ g(x,t) f(x',t)
ox ox') \ot ot
Yuklangan nochizigli Shredinger tenglamasining bir solitonli yechimini
topish uchun f va g funksiyalarni quyidagi ko‘rinishda izlaymiz
f=1+ 1%, g=yg®. (64)

(63)

x=x't=t" "

Yuqoridagi f va g funksiyalarni (63) tenglamaga qo‘llab va y ning bir xil
darajalarining koeffitsientlarini tenglashtirib, f® va g ga nisbatan tenglamalar
sistemasini yozib olamiz va ularni yechish orgali quyidagiga ega bo‘lamiz

g¥ =e%, fO= %efﬁé, (65)
(k, +k)

bu yerda & =kx+Q,(t), k, - ixtiyoriy konstanta va Q (t) uzluksiz funksiya.
Keyingi gadam Q,(t) funksiyani topishdan iborat bo‘ladi. (63) va (64) ifodadan
foydalanib Q,(t) funksiyani topish mumkin
Q,(t) =ikt +ik [ (r)u(0,7)dz, (66)
0

(64)-(66) va (62) almashtirishni inobatga olib, biz (60) tenglamaning bir soliton
yechimini yozib olamiz
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t
k1x+ik12t+ik1J.y(r)u(O,T)dr
0

u(x,t) = ° ( . (67)

1 (k1+E1)x+i(kf+Ef)t+i(k1+|§)jy(r)u(o,r)dr
0

+o e
(k, + k)’

Moslangan manbali nochizigli Shredinger tenglamasinig ikki soliton
yechimini topish uchun f va g funksiyalarni quyidagi ko‘rinishda izlaymiz
3.(2)

g=29%+°9?, f =1+ 2 fO+ ' 1?®,
Yugoridagi f va g funksiyalarni (64) tenglamaga go‘llab va y ning bir xil
darajalarining koeffitsientlarini tenglashtirib, f®, f® g®va g ga nisbatan
tenglamalar sistemasini yozib olamiz va ularni yechish orgali quyidagilarga ega
bo‘lamiz:
f(l) — e§1+é?1+311 + e§1+9?2+312 +e§2+9?1+321 + efz‘*gz‘*'azz ’ g(l) — e§1 + efz’ g(l) = eﬂ1 + e’72 , (68)
f @ = ghrara i g® = pATaTRtA | gath et (69)

t
bu yerda & =k x+Q, (1), Qj(t):ikft+ikjjy(r)u(0,r)dr, j=12, k vak,
0

konstantalar va

amnzlnﬁ, m,n:l,2
m+ n

1 1 1 1
o =1In =— + =— [, 6,=1In =— + = |,
(kl + kl) (kZ + kl) (k2 + k2) (kl + k2)

(R +R)P(ky K2+ (K, + )P (K, + K2+ (K, + )P (K, + )
(k, + K, )2(k, + K,)2(k, + k)2 (k, + k, +k, +k,)?

, 1=12.

(68), (69) funksiyalarni va (62) tengliklarni inobatga olib biz (60) tenglamaning

ikki soliton yechimini yozib olamiz

g® +g®
14+ fO L@

(70)

Olingan asosiy natija quyidagi teoremada ifodalangan.

4-teorema. Agar u(x,t) yechim (61) shartni ganoatlantirsa u holda (60)
tenglamaning bir solitonli yechimi (67), ikki solitonli yechimi (70) ko‘rinishda
bo‘ladi.

Uchinchi bobning uchinchi paragrafida yuklangan Korteveg-de Friz
tenglamasining aniq yechimini topish algoritmi ko‘rsatilgan.

Quyidagi

u —6uu, +u,  —y@tu(,t)u =0, t>0, xeR, (71)
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yuklangan Korteveg-de Friz tenglamasi berilgan bo‘lsin. Bu yerda y(t) oldindan
berilgan uzluksiz funksiya. (G'/G) usulini (71) tenglamaga qo°‘llash orgali biz uch
xil turdagi yechimini olamiz. Bu quyidagi teoramada ifodalangan.

5-teorema. Agar (1° —4.) >0 bo‘lsa u holda (71) tenglamaning yechimi

2
JA? —4u JA =4y
(g) k2(ﬂ/2_4lu) ClShié'FCzChTé
u =
2 [22 _ [72 _
Clchﬂzél-'ug_i_czshlzél’ug

bo‘ladi, agar (A% —4u) <0 bo‘lsa u holda yechim

200, _ 22 csm*’ §+ccos*' 2),2
u(e) == Jﬁ Jﬁ _ﬂzk 2k,
C,co0s———¢&+¢,8in

bo‘ladi, bu yerda & =kx —k3(A? — 4u)t + kjy(r)u(O,r)dr +Q°,
0

21,2

+ 2Kk,

agar (A° —4.) =0 bo‘lsa u holda yechim
2k?c?
(c,+&c,)°
t
ko‘rinishda bo‘ladi, bu yerda & = kx +k j y(u(0,7)dr +Q°%; ¢, ¢, va Q°
0

u(x,t) =

ixtiyoriy konstantalar.

Uchinchi bobning to‘rtinchi paragrafida yuklangan modifisirlangan Korteveg-
de Friz tenglamasining aniq yechimini topish algoritmi ko‘rsatilgan.

Quyidagi

g, —6q9°q, +q,, —7()a0,t)g, =0, t=0, xeR, (72)

yuklangan modifisirlangan Korteveg-de Friz tenglamasi berilgan bo‘lsin. Bu yerda
y(t) oldindan berilgan uzluksiz funksiya. (G'/G) usulini (72) tenglamaga qo‘llash
orgali biz uch xil turdagi yechimini olamiz. Bu quyidagi teoramada ifodalangan.

6-teorema. Agar (1> —4u) >0 bo‘lsa u holda (72) tenglamaning yechimi

JA —4u JA —4u
2 csh¥———"=&+cch¥——=¢&
A =4u| ™ 2 2 2

2 2 2
c:lch\//qL 5 Au §+czsh\//1 5 Au &

qe) ="

bo‘ladi, bu yerda & = kx+@t +k[ (D)0, 7)d 7+

agar (1°—4u) <0 bo‘lsa u holda yechim
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2
 \JAu—A* Jau—A°
© K2(41— 22) —clslnTgﬂczcosTgt
q =
2 / 12 / 192
clcos4ﬂzﬂ'§+czsin4ﬂzlg

t

bo‘ladi, bu yerda & =kx— k(12 —4u)t + kjy(r)q(o,r)drm‘) ,
0

agar (1> —4u) =0 bo‘lsa u holda yechim

2k 2c?

(&) =—>"%,

(c, +&¢,)’

ko‘rinishda bo‘ladi, bu yerda & =kx+k| 7(r)q(0,7)dz +Q°; c,, ¢, va Q°

ixtiyoriy konstantalar.

Muallif o‘zining ilmiy rahbari, f.-m.f.d. O‘razboev G‘ayrat O‘razalievichga
doimiy e’tibori hamda mazkur dissertatsiya natijalarini muhokamasidagi qimmatli
maslahatlari uchun samimiy minnatdorchiligini bildiradi.
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XULOSA

Dissertatsiyaning  birinchi bobida Dirak operatori uchun sochilish
nazariyasining teskari masalasi va nochizigli evolyutsion tenglamalarni
yechishning to‘g‘ri usullari hagida zaruriy malumotlar keltirilgan.

Dissertatsiyaning  ikkinchi  bobi  yuklangan nochizigli ~ Schredinger
tenglamasini Dirak operatori uchun sochilish nazariyasining teskari masala
usulidan foydalanib integrallash va Gelfand-Levitan-Marchenko integral
tenglamasining sonli yechimlarini topishga bag‘ishlangan.

Dissertatsiyaning uchinchi bobida to‘g‘ri usullardan foydalangan holda
moslangan manbali nochizigli Schredinger tenglamasi, yuklangan Schredinger
tenglamasi, yuklangan Korteveg-de Friz tenglamasi, yuklangan modifisirlangan
Korteveg-de Friz tenglamalarini aniq yechimlari topish ko‘rsatilgan.

Tadgigotning asosiy natijalari quyidagilardan iborat:

tez kamayuvchi funksiyalar sinfida yuklangan nochizigli Shredinger
tenglamasi to‘la integrallanuvchi bo‘lishi isbotlangan;

tez kamayuvchi funksiyalar sinfida yuklangan nochizigli Shredinger
tenglamasiga qo‘yilgan Koshi masalasi yechimining yagonaligi isbotlangan;

Gelfand-Levitan-Marchenko integral tenglamalar sistemasining sonli
yechimlari ko‘rsatilgan;

moslangan manbali nochizigli Shredinger tenglamasining soliton yechimlari
topilgan;

yuklangan nochizigli Shredinger tenglamasining soliton yechimlari topilgan;

yuklangan Korteveg-de Friz tenglamasining aniq yechimlari topilgan;

yuklangan modifisirlangan Korteveg-de Friz tenglamasining aniq yechimlari
topilgan.
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INTRODUCTION (abstract of the PhD thesis)

The actuality(relevance) and demand of the theme of the dissertation.
Mathematical models representing nonlinear differential equations with particular
derivatives in some cases describe many scientific and practical investigations
carrying out on a global scale. A class of equations with special solutions, solitons
are stood out among this type of nonlinear differential equations. Nonlinear
equations are one of the main equations, such as the Korteweg-de Vries equation,
the nonlinear Schrodinger equation, and the modified Korteweg-de Vries equation
in the theory of solitons. This kind of equations are very significant in the study of
quantum mechanics, nonlinear optics, and the theory of waves in deep water. Thus,
the issue of integrating the nonlinear Schrodinger equation, the Korteweg-de Vries
equation, and the modified Korteweg-de Vries equation remains one of the
important tasks of modern mathematical physics.

At a present, investigations in the theory of nonlinear waves, including the
motion of fluids in flexible pipes, optical solitons are applied in the field of
telecommunication technology. Real physical systems are characterized by self-
consistent source equations, which are a modification of the classical equations.
Besides, the effecting forces on physical systems are limited only during a certain
period of time so that real models are brought to study the equations of a certain
class of functions on spatial variables. The study of self-consistent source and
loaded nonlinear evolution equations are considered as one of the priority
directions of science, including nonlinear optics, plasma physics, hydrodynamics,
and other fields. In this regard, the study of the self-consistent source and loaded
nonlinear Schrodinger equation and the loaded Korteweg-de Vries equation and
the modified Korteweg-de Vries equation are targeted scientific studies.

In our country, special attention is focused on fundamental research?, which
have practical implementation. In particular, the analyses of research are the main
area in the theory of nonlinear waves, the spectral theory of differential operators,
scattering theory of the differential operators, and problems of mathematical
physics. As a result, significant works have been done for the complete
integrability of the nonlinear evolution equations of mathematical physics using
direct and inverse spectral problems. Scientific research appointed as the main
tasks and activities in the field of mathematics, physics, and modern methods of
mathematical physics. Ensuring the execution of these activities have great
importance in the development of the theory of inverse spectral problems and the
direct methods, the integration of the nonlinear evolution equations with self-
consistent sources and loaded nonlinear evolution equations.

This dissertation, to a certain extent, serves the implementation of the tasks
outlined in the Decrees of the President of the Republic of Uzbekistan No.-RP-
2909 dated April 20, 2017 “On measures for the further development of the higher
education system”, No. RP-2789 dated February 17, 2017 “On measures for the

2 Decree of Cabinet of Ministries of the Republic of Uzbekistan at the 2017 year 18 may “On measures on the
organization of activities of the first created scientific research institutions of the Academy of Science of the
Republic Uzbekistan”.
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further improvement of activities of the Academy of Sciences, organization,
management and financing of research activities” and No.-DP-4947 dated
February 7, 2017 “On the strategy of action for the further development of the
Republic of Uzbekistan” and No.-DP-4387 from July 9, 2019 “On measures to
further development of mathematical education and science, as well as root
improvement of the activities of the Uzbekistan Academy of Sciences the V.I.
Romanovsky Institute of Mathematics”, as well as in other legal regulations related
to the basic sciences.

Connection of the research to the priority areas of the development of
science and technology of the Republic. This study was carried out in accordance
with the priority area of the development of science and technology in the Republic
of Uzbekistan. “Mathematics, mechanics and computer science”.

The degree of scrutiny of the problem. In 1967, C.S. Gardner, J.M. Green,
M. Kruskal, and R. Miura showed that the solution of the Korteweg - de Vries
equation can be obtained for all “rapidly decreasing” initial conditions, that is,
conditions that in a certain way vanish as the coordinate tends to infinity. This
method is called the method of the inverse scattering problem, since it essentially
uses the solution of the problem of reconstructing the potential of the Sturm-
Liouville operator on the entire axis from the scattering data. P. Lax showed that
the method used by these scientists was universal. In 1972, V.E. Zakharov and
A.B. Shabat showed the completely integrability of the nonlinear Schrédinger
equation via the inverse scattering method. In 1972, M. Wadati, using the ideas of
the inverse scattering problems, proposed a solution of the modified Korteweg - de
Vries equation. In 1988, the fundamental works of V.K. Melnikov on nonlinear
evolution equations with a self-consistent source, using the inverse scattering
method, the Korteweg - de Vries equations with a self-consistent source were
integrated in the class of “rapidly decreasing” functions. We also note that in the
work of C. Claude, J. Leon and A. Latifi a specific physical problem was
presented, which was reduced to solving the Korteweg - de Vries equation with a
source. A.B. Khasanov and G.U. Urazboev studied in the class of “step-like”
functions, A.B. Khasanov and U.A. Khoitmetov in the class of complex-valued
functions, and in the class of periodic functions by A.B. Khasanov and
A.B. Yakhshimuratov. The modified Korteweg-de Vries equation with the self-
consistent sources in various classes of functions were investigated by
A.B. Khasanov, G.U. Urazboev, K.A. Mamedov, M.M. Khasanov. The nonlinear
Schrodinger equation with the self-consistent sources in various classes of
functions were investigated by A.B. Khasanov, A.A. Reyimberganov.

Besides, there are direct methods to solve nonlinear evolution equations. In
1971, Ryogo Hirota published an article giving a new method called “the Hirota
direct method” to find the exact solution of the Korteweg-de Vries equation for
multiple collisions of solitons. In his successive articles, he dealt also with many
other nonlinear evolution equations such as the modified Korteweg-de Vries,
nonlinear Schrodinger equations. In addition, other researchers have studied
evolutionary equations using the Hirota direct method, including Yong Li Sun,
Wen Xiu Ma, Jian Ping Yu, Abdul Majid Wazwaz, Yichao Ye, Lihong Wang,
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Zhaowei Chang, Jingsong He, Metin Giirses, Asli Pekcan, Wen Xiu Ma, Sachin
Kumar, Brij Mohan, Yi Zhang, Li-gang Jin, C. T. Lee, C., C. Lee, Yi Zhang, Yi-
neng Lv, Ling-ya Ye, Hai-giong Zhao, Fucai You, Jiao Zhang, Jianbing Zhang, Li
Li, Chaonan Duan, Fajun Yu.

In recent years, extensive research has been conducted on nonlinear evolution
equations with self-consistent source using the Hirota method. D. J. Zhang (2002)
showed that N-soliton solutions for the modified Korteweg-de Vries equation with
self-consistent source.

Alternatively, the (G'/G) - expansion method is also effective in finding

traveling wave solutions of nonlinear evolution equations. The advantage of the
(G'/ G) - expansion method is that it allows obtaining more general solutions with

some free parameters. In 2008, M. Wang, X. Li, J. Zhang gave an algorithm for
finding exact solutions of nonlinear evolution equations using the (G'/G) -

expansion method.

The connection of the theme of the dissertation with the research works
of higher education, where the dissertation is carried out. The dissertation has
been executed according to the planned theme of the scientific research work of the
“Applied mathematics and mathematical physics” department of the Urgench State
University and in the frame of the scientific research project on the theme F-4-61
“Integration of the nonlinear evolution equations with a self-consistent source via
inverse problem method” (2019-2021yy).

The aims of research work are: to study of the soliton solutions for a
nonlinear Schrodinger equation with a self-consistent source, loaded nonlinear
Schrodinger equation, loaded Korteweg-de Vries equation and loaded modified
Korteweg-de Vries equations.

Research problems are:

application of the inverse scattering theory for the Dirac system with a rapidly
decreasing potential to the integration of the loaded nonlinear Schrédinger
equation;

application of numerical methods to the system of Gelfand-Levitan-
Marchenko integral equation of scattering theory;

application of the Hirota direct method for the nonlinear Schrodinger equation
with self-consistent source;

application of the Hirota direct method for the loaded nonlinear Schrodinger
equation;

application of the (G'/G) — expansion method for the loaded Korteweg—de
Vries equation;

application of the (GY/G) — expansion method for the loaded modified
Korteweg-de Vries equation.

The research objects are: nonlinear Schrodinger equation with self-
consistent source, loaded Korteweg-de Vries equation, loaded modified Korteweg—
de Vries equation, loaded nonlinear Schrodinger equation.
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The research subjects are: Hirota direct method, (G/G) — expansion

method, inverse scattering problem for the nonlinear evolution equations with a
self-consistent source and the nonlinear evolution equations with a loaded term.

Research methods: The research used the methods of mathematical physics,
spectral analysis, functional analysis, theory of functions of complex variables and
methods of solving differential equations.

Scientific novelty of research work consists of the followings:

proved the complete integrability loaded nonlinear Schrédinger equation in
the class of rapidly decreasing functions;

proved the uniqueness theorem the Cauchy problems for the loaded
nonlinear Schrodinger equation in the class of rapidly decreasing functions;
shown numerical solutions of the system Gelfand-Levitan-Marchenko integral
equations;

found the soliton solutions of the nonlinear Schrodinger equation with self-
consistent source in the class of rapidly decreasing functions;

found the soliton solutions of the loaded nonlinear Schrédinger equation in
the class of rapidly decreasing functions;

shown exact solutions of the loaded Korteweg-de Vries equation; shown
exact solutions of the loaded modified Korteweg-de Vries equation.

The practical results of the study consist of applying algorithms to solve
nonlinear Schrodinger equation with the self-consistent source, loaded Korteweg—
de Vries equation, loaded modified Korteweg-de Vries equation, loaded nonlinear
Schrodinger equation, Cauchy problems for the loaded nonlinear Schrodinger
equation and numerical solution of the system Gelfand-Levitan-Marchenko
integral equation.

Reliability of the research results is justified using the methods of
mathematical physics, spectral analysis, functional analysis and the theory of
functions of complex variables in solving inverse spectral and scattering problems
for differential operators with rapidly decreasing coefficients and has shown their
application for solving nonlinear evolution equations, as well as the rigor of
mathematical reasoning and proof.

Scientific and practical significance of the research results. The scientific
significance of the research results lies in the fact that the obtained scientific results
can be used in the spectral theory of linear operators, in the problems of the
dynamics of thin elastic rods, phonons in anharmonic lattices, traffic congestions,
hyperbolic surfaces and ionic acoustic solitons.

The practical significance of the dissertation is that the obtained scientific
results can be used in mathematical physics such as integrating nonlinear evolution
equations in the various classes of functions.

Implementation of research results. The obtained results in the dissertation
were applied in the following areas:

the method of calculating the main integral equation of inverse scattering
theory the numerical solutions of the system Gelfand-Levitan-Marchenko integral
equations was used in the project “Slovak Research and Development Agency

under contract No. APVV-18-0308” and “Slovak Grant Agency VEGA No.
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1/0358/20 and No. 2/0127/20”. (reference of the University of Comenius of the
state of Slovakia on June 24, 2022);

in the project “Ordinary and Functional Differential Equations, code
MTM2016-75140-P”, supported by the Ministry of Economy and Competitivity of
Spain at the University of Santiago de Compostela (Spain, University of Santiago
de Compostela reference dated June 27, 2022), the nonlinear Schrédinger equation
was used to find numerical analytical solutions.

Approbation of the research results. The results were discussed at 6
scientific and practical conferences, including 4 international and 2 national ones.

Publication of the research results. According to the theme of the
dissertation, 14 scientific papers were published, such as 3 articles were published
in the international journals, which 2 are indexed in Scopus, and 5 articles in the
national scientific journals included in the list of scientific journals proposed by the
Higher Attestation Commission of the Republic of Uzbekistan for the defense of
theses of the Doctor of Philosophy.

The structure and volume of the dissertation. The dissertation consists of
three chapters, conclusion and list of the used literatures. The volume of the
dissertation is 81 pages.

THE MAIN CONTENT OF THE THESIS

The introduction part of the thesis includes the actuality and the demand of
the research, the relevance of the research to the prioritity areas of science
and technology, the review of foreign research on the topic, the degree of scrutiny
of the problem. Also the introductory part contains the aim of the research work,
research problems, the object and the subject of the research, scientific novelty and
practical results, theoretical, practical significance and the statement of the
research results, published works and the information on the structure of the thesis.

In the first chapter of the theses, titled “Scattering theory for Dirac system
and direct methods for nonlinear evolution equations”, it was studied direct and
inverse scattering problems for the Dirac operator on the entire axis and direct
methods for solving nonlinear evolution equation.

Consider the system of linear equations on the real line (—oo < X < )

Lv =& 1)
where v =(v,,v, )" is vector function and
a —u(x)

L= dx

. d
) =

with function u(x) satisfying the conditions

T(1+|x|)|u(x)|dx<oo, 2)

—00

Under condition (2), system of equations (1) has Jost solutions with the following
asymptotics
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o(x,&) ~ (tje“gx, (X, &) ~ (_()Jeigx as X — —oo, (3)

v (X&) ~G)je‘fx, (X, &) ~[(1)jei‘fx as X —> 0. (4)

(Note that @ (w ) is not complex conjugation of ¢ (v )).
Jost solutions @(x,&) and w(X,&) (@(X,£) and w(X,£)) admit an analytic
continuation in & into the upper (lower) half-plane Im& >0 (Im& <0). For any

& e (—o0,00) the pairs of functions {p(x,&), @(x,£)} and {w(x,£), 7 (x,£)} are the
pairs of linearly independent solutions of (1), and holds the equality

{ p=a(&)y +b()y, 6
¢ =-a(&y +b()y.
where the functions a(&) and b(&) are independent of x and
a(e)=Wip.wi=ow, -ou,. (6)
Moreover, for real &
a(g)a(g) +b(&)b (&) =1. (7)

Hence, the function a(&) (a(&)) can be analytically extended in upper
(lower) half-plane Im&>0 (Im&<0). The function a(&) has the asymptotic

1
a(é)=1+ O[—
€]

(Im & <0) the function a(&) (a(é)) has a finite number of zeros at the points

& (&) (k=12,...,N), and these points are the eigenvalues of the operator L.
Note that the vector functions

] as |§|—>oo, Im&>0. Besides, in the half-plane Im&>0

5§(¢_C"'”)‘5=5
h,(x)= A2 Ny

are solutions to equations Lh =& h. . According to equality a(&)=W{p,}, we
obtain the following asymptotics

W~ a(§)((1)je“fx as X ——0,

n=12,..,N (8)

@~ a(g)((l)je“fx as X — oo,

which are valid for Im £ >0. From these estimates and equality (8) we obtain the
following asymptotics

0) 1) .
h ~ —Cn[lje"“ as Xx—>-—o , h~ [Oje “* as X —> o0, 9)
In particular
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W {wn , hn }E ¢n1hn2 - gDnZhnl = _Cn 1 (10)
where ¢, =p(x,£), n=12,.,N.

Definition 1. The set {r(f)_bg £,ClEeR ImE >0, k=L, N is called the

scattering data associated with the equation (1).

Definition 2. The direct scattering problem is to find the scattering data via the
given potential u(x).

Definition 3. The inverse scattering problem is to find the potential u(x) of the

equation (1) via the given scattering data.
For the functions v, i the following integral representations are valid

((ﬂe““ + T K (x,s)e"“*ds, (11)

:U 4 [R (x,5)e ™ ds, (12)

where K(x,s), K(x,s) are two-component vectors, i.e.
K, (XS
K(x,s)= 1(xs) :
K,(x,s)
In representations (11), (12), the kernels K(x,s) and
and is related to u(x) by means of the equality
u(x) =-2K,(x,x). (13)
The kernels K(x,s) and K(x,s) for y>x are the solution of the Gelfand-

Levitan-Marchenko integral equations

K(x,y)+£ij(x+ y)+TK(x,s)F(s+ y)ds =0,

v

K (x,s) do not depend on ¢&

K(X,y)- [U F(x+y)- T K (x,5)F(s+ y)ds =0,
where

_ = J- b(é) ”:ng IZCjeiafjx’ (X)—— J‘ Zégi _iéxd§+ii6je_i§jx .

In the next paragraph of the first chapter provides the necessary information about
Hirota direct method and (G'/ G) - expansion method of finding exact solutions of
nonlinear evolution equations.

Let us introduce with the Hirota direct method. Let
Flul=F(u,u,,u,,...)=0
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be a nonlinear partial differential or difference equation. As the first step we
transform F[u] to a quadratic form in the dependent variables by using a
transformation
u=T[f(xt,..),9(xt,..)].
We name this new form as bilinear form of F[u]. We should denote that we

could not find such a transformation for some equations. We should also note some
integrable equations like the KdV equation can be transformed to a single bilinear
equation, however many of them like mKdV and nlS equations can only be formed
as combination of bilinear equations. Then we introduce the Hirota D-operator
which makes the Hirota method very productive.

Definition 4. S:C" > C is a space of differentiable functions. Then the
Hirota D -operator D:SxS — S is expressed as

[DFD™...{f+g}=[(0, —0,)™ (0, —0,)™..1f (x,t,..)x g(X't’,...)| , (14)
Here X, t, ... are independent variables and m;, j=1,2,... are positive integer.
We express F[u] in the bilinear form by using D - operator as a polynomial.
This is called polynomial P(D).
Definition 5. It is said that it is written in Hirota bilinear form as following
> PL(D)f“fP =0, p=1..r, (15)
a,p=1
here for m, r and linear operators P/, (D), f' are new dependent variables.
Now let us state and prove some propositions and corollaries on P(D).
Proposition 1. If f and g are differentiable functions, then

X'=xt'=t,...

P(D){f-g}=P(-D){f-g}. (16)
Proposition 2. For the functions fand g = 1 followings are suitable
P(DY{f -}=P(0)f, P(D){L- f}=P(-0) f . (17)
Proposition 3. Two exponential functions e* and e%, where
0, =kx+..r,z+l,y+a; and k;, ...,r;,1;,a; are constants for j=1,2. We have
P(D){e*-e”}=P(k —K,,...,r,— 1,1, —1,)e%"* (18)

Proposition 4. If we have a system such that P(D){a-a}=0, where is any
non-zero constant then by proposition 3 we have P(0,0,...,0)=0.
Remark. If we consider P(D){f - f}, we may assume P is even since the
odd terms cancel due to the ant symmetry of the D - operator i.e. we have
k
DDy ...DJ*{f - f}=0 identically satisfied if ) m;=odd. For instance, as
j=1
simple examples we clearly have
D{f-f}=ff—ff =0,
Dth{f ’ f}: fxxtf - fxx ft - 1:xt fx + fx fxt - fxt fx + fx 1:xt + ft fxx - ffxxt =0.
In this paragraph, we present the main steps of the (G'/ G) - expansion method.
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Let us given a nonlinear partial differential equation in the form below
F(u,u,u,u,,u,,u,,..)=0, (19)
where u=u(x,t) is unknown function, F is a nonlinear function of u(x,t) and its
partial derivatives. Now we give the main steps of the (G'/G) - expansion
method:
Step 1. We use the travelling wave transformation in the following form:
u(x,t)=u(é), &=kx+Q(t), (20)
where k is a parameter and Q(t) is a continuous function which is dependent on

t. The representation of the solution in the form (20) allows us to reduce equation
(19) to an ordinary differential equation

P(u,u’,u",u”,...)=0, (21)
where u’:M, u”:%, u”’:%, e
dg de d&’

Step 2. Let us suppose that the solution of the equation (21) can be
. G’
represented as a polynomial of (Ej ;

m Gf J
u)=> a, (—) , (22)
o \G
where G’ is the derivative of G(&) with respectto &, a; (j=0,12,...,m) are

constants that can be determined later, m - positive integer number determined
from the balance of higher order derivatives and the function G =G(&) satisfies

the following linear ordinary differential equation of the second order:
G"+AG"+ uG =0, (23)
where A, u are arbitrary constants.
Step 3. We can use (23) when we substitute (22) into equation (21) and gain a
system of equations for determining k, Q(t), a;,]=12,.,m.

Step 4. Substituting the obtained values k, Q(t), 4, ¢, a;, j=12,..,m, into

(22) and using (23), we can find exact solutions of equation (19).

In the second chapter of the dissertation, titled “Integration of the loaded
nonlinear Schrodinger equation via inverse scattering method”, it was proved
the completely integrability of the loaded nonlinear Schrodinger equation in the
class of rapidly decreasing functions and found numerical solution of the main
integral equation Gelfand-Levitan-Marchenko of the inverse scattering theory.

In the first part of the second chapter we have considered integration of the
loaded nonlinear Schrédinger equation in the class of rapidly decaying functions.

We consider the loaded nonlinear Schrodinger equation of the following
problem

iu, +2)u U +u,, —iy(t)(u(0,t) +u"(0,t))u, =0, (24)
u(x,0) =u,(x), (25)

35



where the real function u,(x) satisfy the following properties:
1.]_“” (L X [)|uo (¥)|dx < 0
2. The equation

d
1o —UO(X)
LO)y=i| % [ﬂ:g(ﬂ, xeR (26)
—U;(X) _% b, ®?,

can have N number of simple eigenvalues and does not have spectral singularities.
Here, the function u,(x) is a complex conjugation of u,(x).

The main goal of this paragraph is to study the integration of the loaded
nonlinear Schrodinger equation in the class of u(x,t) function, which is

sufficiently smooth and tends to its limits rapidly enough when Xx— foo and
satisfies the condition
3

jfo((1+|x|)|uo(x)|+z

=

ou(x,t)
ox

j)dx <o0,t>0

via inverse scattering problem.
Theorem 1. If u(x,t) function is solution of the problem (24)-(26) then it is

solution unique.
Theorem 2. If the function u(x,t) is a solution the problem (24)-(26), then

the scattering data for the operator L(t) satisfy the relations
drt ~ (42 = 25(OUOY +u" O.))r" , Img=0,

dd(in =(4i§n2 +2iéﬁn?/(t)(u(0,t)+U*(O,t)))cn’

% 0, n=123...N.
dt

The obtained relations determine completely the evolution of the scattering
data for the system (26), which allows us to find the solution of the problem (24)-
(25) by using the Inverse scattering problem method. Using the following
algorithm, we can find the solution. Let us given the functions u,(x)

1. Solving the direct scattering problem for the initial u,(x), we obtain the
scattering data {r(&,0),£(0),£,(0).....£,(0),C,(0),C,(0),...,C\ (0)} of the
operator L(0).

2. Using the results of the theorem 2, we find the scattering data
{r(&1), &), & ),.... & (1), C,(t),C, (t),....Cy (1)} for t>0.

3. Using the method based on Gelfand-Levitan-Marchenko integral equation,
we solve the inverse scattering problem for L(t) and determine u(x,t) by

the scattering data {r(g‘,t),él(t),gz(t),...,gN (1),C.(t),C,(1),...,.C, (t)}
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In the second paragraph of the second chapter, it is shown to find the numerical
solutions of the Gelfand-Levitan-Marchenko integral equation.

The coupled system of Gelfand-Levitan-Marchenko integral equations as
following

Kz(x,y)+jK1(x,s+x)F(s+x+y)dszo,
0

. (27)
—K, (X, y)+ F(x+Y) +J.I22(x,s +X)F(s+x+y)ds =0,
where
1 I iEx - L i&.x
F(x):g_J;R((f)eg dg-.éckef (28)

are solved by the Nystrom method. As the Gelfand-Levitan-Marchenko kernel in
(27) depends on s+x and s+x+Y, because we create grid points as the

following:
S;=(-D7, Bej =X +S5 Ujp = Lusj + Poucr
%o =Xt Boa K=12,..,N,, j=12,.,N,.
We use the same grid points to approximate the integrals by the composite

Simpson's quadrature rule. According to grid points there holds the system of
linear equation

(29)

Ny
K;(Xk’ﬂker) + Zdel(Xk’ﬂk+j)F(ak+j+p) = 0’
= (30)

Ny
zde;(Xk’ﬂkJrj)F*(akJer) - Kl(xk’ﬂk+p) :_F*(ak+p)a
-1

where {d.} =%{1,4,2,4,2,4,...1}, z is step size of Y.
In matrix notation the previous system (30) takes the form

I, HD Tk, 0
o )

where D =diag{d }},, 1, =diag{J};

=1

H = (F(ak+j+p)) ’r\)l,yj=1’ 1:Ny (F(ak+p)) 'F\)lili (32)
and the unknown vector-columns are
k2 :(KZ(Xk’ﬂker)),:il’ klz(Kl(Xk’ﬂker))’:il' (33)

System (31) can be represented by the following form
{(DH *DHD + D)k, = DfNy,

k, = —HDKk,.
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Here the matrix DH * DHD + D is symmetric and positive definite, so the system
can be easily solved by the conjugate gradient method. A square matrix H of
order N, xN_  is called a Hankel matrix, as (H); =F(e,,;). Note that the

potential we want to obtain, as well as the associated u(x) are defined by the first
component of k, as (13) and (33) show.

In the third chapter of the thesis, titled “Direct methods for the solution of
the nonlinear evolution equations”, it was given the algorithm to find the exact
soliton solutions of the nonlinear Schrodinger equation with self-consistent source,
loaded nonlinear Schrodinger equation in the class rapidly decreasing functions,
loaded Korteweg-de Vries and loaded modified Korteweg-de Vries equation by
using direct methods.

In the first paragraph of the third chapter, it was found soliton solutions of the
nonlinear Schrédinger equation with a self-consistent source in the class of rapidly
decreasing functions by using Hirota direct method.

We consider the integration of the following system of equations

N

. 2 . —

iU, + 2Juf u+u, =20 (¢f - 72). (34)
L

{wlj,x :iégj%j —Ue,; (35)

¢2j,x:_i§j¢2j+ﬁ¢1j, 1=12,...N,
where the bar means complex conjugation and ¢&;, j=12,..,N are the

eigenvalues.
We assume that the solution u(x,t) of the system (34) - (35) exists possessing the

required smoothness and tends to its limits sufficiently rapidly as |X| — 0, l.e., for
all t >0 satisfies the condition

j(1+|x|)|u(x,t)|dx+jz

Under the condition shown below the system of equations (35) has a finite
number of eigenvalues. In general, these eigenvalues can be multiples. Here, we
assume that all the eigenvalues are simple and their numbers are equal to N . We

also assume that the eigenfunctions ®,=(¢p,;,¢,;)' corresponding to this
eigenvalues satisfy the following normalizing conditions

[ o0,,0x=B7(1), j=12,...N. (36")

k
0 ‘gif’t) dx <o (36)

Here B;(t), j=12,...,N are given and the continuous functions of t.

We will find the solition solution of the nonlinear Schrédinger equation with
self-consistent sources by using of Hirota’s method. With the help of the
dependent variable transformations

g P; i
u=0 =P g, = 2N @
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the system (34)-(35) can be transformed into the bilinear forms
N J—
(iD,+D;)g- f =2i) (p;-hf), (38)
j=1

DXf-f=2g9-7, (39)
D.p;- f=-i&;p;f +gh,,
{ h;-f=i&h f-gp,,
where g and h are the complex conjugation of the functions g and h,
respectively and Hirota’s bilinear operators D, and D, are defined by

o oY (o oY
D™D"g(x,t)- f(x,t)=| —— - _ =
Dran)- T(x10) (Gx 8x’j (8t 6t’}

Here, the subscripts of the functions f and ¢ define the order of the partial
derivatives with respectto x and f.

Equations (38)-(40) can be solved by introducing the following power series
expansions for f, g, p; and h;:

(40)

(41)

f=1+ 2 fO0 4 @4 (42)
9=29Y+ g% + (43)
P, =xpP +x p(2’+ (44)
h =h® (45)

where y is a formal expansion parameter. Substituting functions (42)-(45) into
equations (38)-(40) and equating coefﬁcients of the same powers of y to zero can

yield the recursion relation for £, g*, p% and h®, k=1,2, .... Solving them

and we have the solution to the problem (34) (35) considering transferring (37).

We will give the analytical expression of one-soliton solution (i.e. in the case
N = 1) of the system (34)-(35). According to in the known Hirota’s method, we
consider for the one-soliton solution of nonlinear Schrodinger equation with self-
consistent sources in the form below

g=yg®, f=1+ 219,
Using the definition (41) the above (39) equation can be expressed in details.
Substituting these expressions into (39) and equating the coefficients of the same
powers of y we have system of equation and solving them as following as

g @ g f @ _ e’71+771+a11 (46)
where n, =kX+7,(t), a,= Inﬁ, k, is constant and y,(t) is an arbitrary
1 + 1

function of t. The next step is to find functions p, and h, in case when one-soliton
solution are

L =Py, hy=h.
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Based on the above, we collect coefficients of the same power in y according to

the equation (40) and we get system of equation and by solving them we have
pl(l) — e(kﬁlzrifl)”gl(t)

’ 47

hl(l) = (k, + E)e(l@—ié)xml(t)—n(t) (47)

where €, (t) is an arbitrary continuous function of t.
Using expressions (46) and (47), we can rewrite the functions f, g, p, and
h, in the following form:
f =1+enm
g=e",

p — e(kl"'El_i‘:l)X"'Ql (t)
1 ]

(48)

h = (k, + lzl)e(E*ifl)HQl(t)fh(t)_
We can find Q,(t), y,(t) functions and k; constant by using functions (48) and
equation (38)

Ql(t)=Inﬂl(t)+§(71(t)+an)+n(t),

7 (t) =—4i&*t - 2] BX()dz + 7, (0) | (49)

k, = —2i&.
Thus, taking into account (37), (48) and (49) we can write the one-soliton solution
of the problem (34)-(35) in the following form

e—2i§1x+y1 (t)

u(x,t) = (50)

1+ e(—2i5+2i§1)X+71(t)+71(t)+an '

e(72i§71+i§1) X+ ()+7 (D) +ay

(Dll(X,t) - 'Bl(t)1+ e(—2i51+2i§1)X+71(t)+71(t)+an '

(—2i§_1 + 2 fl)eiéxm(ma”
1_|_e(—2i51+2i§1)X+71(t)+71(t)+a11 '

0 (X,1) = B, (1)

We find two-soliton solution of the nonlinear Schrodinger equation with self-
consistent source (i.e. in the case N = 2). We take the functions f, g, p; and h,
in the following form

g=79%+ °9?, f=1+ 210+ y*F@,
— @) 3K (2) _h®
Pi=xP;" +x P hj _hj
By applying the same previous procedure. We can write the solution in the
following form
g® +g®

(51)
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CpWyp@ ) h .
1+ fO L@ P2; 14 fO L@ J=12

D
Where

O =ghthrtn 4 @hthtte 4 ghtlittn 4 ghtlttn gl —gh 4% (52)
£ () _ @t iip+t ’ g(2) _ @A oA 1+ ’ (53)
Py’ =exp((k, +k, —i&)x = 7,(t) = 7, (1) + () + 7)) + Q) 1 +2,,) +
+exp((k, + K, =&)X= 7, (0) = 7,() + 7,() + 7, (1) + Q; (1) - r +a,) +
+exp((k, +ky —i&)X =7, (1) = 7, (1) + 7,(t) + 7, () + Q; (1) -1 +a,,) +
+exp((k, + Kk, —i&)x =7 () = 7(t) +7,(0) + 7,(1) + Q, () -r +a,,),  (54)

i =exp((k, +k +k, +k, —i&)x+Q; (1)), (55)
h(l) _ eXp((k1+Rl_iéj)x_yz(t)_%(t)+7/1(t)+771(t)+9j(t)_r) n
] (k, + Izl)(e'71 + ™)
+6Xp((kl+l22 _iégj)x_72(t)_772(t)+71(t)+771(t)+Qj(t)_r) 4
(k, + Ez)(e”l +e™)
LRk, +k—ig)x =7 (0 7O+ nM+ M+ QO -1)
(k, +k)(e" +e")
+eXp((k2 +k, - I§j)x_72(t)__ 7,(t) + 7.(t) + 7. () +Qj(t) —r) (j=12), (56)
(k, +k,)(e™ +e™)

here n,=kx+y;(t), (j=12), k; are constants, y;(t), Q;(t)(j=12) are

continuous functions and
a_ =In 1
mn (km + |zn)2 '

B.
5,=In| =] j=12,
q;

Q= (kl + lzl)(kz + lz1)’ 0, = (kl + lz2)(k2 + lz2) 1
B — (ky+ kK, +k,) B _ (ky+ kK, +k,)
' (kl + kl)z(kZ + k1)2 L (kl B kz)z(kz + kz)2 |
po (k- k)*(k, —k)*
(K, + k) (k, +Kk,)?*(k, +k,)*
By applying functions (52)-(56) to equation (38), functions y,(t), Q;(t) (j=12)
and constants k,, k,can be found

m,n=12
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Q,0=F O+ O-r+5)+nO+70, (=12,  67)

y; () =—4it=2[ B} (x)dz +7,(0), (]=12), (58)

k,=—2i&,, (j=12). (59)

Taking into consideration the above, we have proved the following theorem.
Theorem 3: If the function u(x,t) in equation (34) satisfies the condition

(36) and the functions ¢,;(x,t), ¢,;(x,t) in the system of equations (35) satisfy the
condition (36°), then one soliton solution of the problem (34)-(35) is in the form
(50) and two soliton solution is in the form of (51).

In the second paragraph of the third chapter, it was found soliton solution of
the loaded nonlinear Schrodinger equation by using Hirota direct method.

We consider following

iu, +2)u/ u+u, +h(t)u, =0, xeR, t>0, (60)

where h(t) =—y(t)u(0,t) and u(x,t) is unknown function, y(t) - an arbitrary
continuous function.

In this paragraph, u(x,t)solution of the equation (60) following

dlu(x,t)

ox

2

ji((1+|x|)|u(x,t)|+z

i1

))dx<oo,t20 (61)

is considered to exist in the class of functions and demanded to show the method
of finding the solution.

We will find the soliton solution of the loaded nonlinear Schrédinger equation
by using of Hirota direct method. With the help of the dependent variable
transformations

U= % (62)
the equation (60) can be transformed into the bilinear forms
iDg-f+Dg-f+h(t)D,g-f =0,
Dy f - f =24y,
where g is the complex conjugation of the function ¢ and Hirota’s bilinear
operators D, and D, are defined by

e o oY (o oY o
orora(ct): fx0=( 2= 2 (22 ] g (4Dl
We will give the analytical expression of one-soliton solution of the equation
(60). According to in the known Hirota diract method, we consider for the one-
soliton solution of (60) in the below form

f=1+ 19, g=49". (64)

(63)
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Substituting these equation into (63) and equating the coefficients of the same
powers of y, we have

1 _
g(l) — efi ’ f ® _ —— e§1+51 ’ (65)
(k +k,)
here & =k x+Q,(t), k, is constant and ©,(t) is an arbitrary function of t. We find
the function Q (t)

Q,(t) =ik’ + ikj »(£)u(0,7)dr, (66)

Thus, taking into account (64)-(66) and (62) we can write the one-soliton solution
of loaded nonlinear Schrodinger equation in the following form

t
k1x+ik12t+ik1J.;/(r)u (0,7)dz
0

u(x,t) = € t , (67)

1 (g +ky) 3 (k2 (g ) [ 7 () u(0,7) d e
0

+ ——€
(kl + kl)z

We find two-soliton solution of the loaded nonlinear Schrodinger equation by

following steps, but we get the functions f and g in the following form
34 (2)

9=x9"+1'9",
By applying the same previous procedure, we obtain the following set of
equations from equations (3.2.3) corresponding to the different power of y and by

solving them we have
fO = e§1+9?1+311 + e§1+9?2+a12 + e§2+9?1+a21 + efz*'fz*'azz ’ g(l) — % 4 g% ' g(l) —=eh 4 " , (68)

f=1+ 210+ 12,

f & = gararirbnr g® = patatata | gdthtetdh (69)

t
where & =k x+Q,(t), Qj(t):ikft+ikjjy(r)u(0,r)dr, j=12, k and k, are
0

constatns and

amnzlnﬁ, m,n:1,2
m+ n

1 1 1 1
o, =1In =— + =— [, 6,=1In =— + = |,
(kl + kl) (k2 + kl) (kZ + kZ) (kl + kZ)

(Ko + R)P (kg k)2 (K, + )P (K, + K2+ (K, + ) (K, + k)
(k, +k,)2(k, + K,)?(k, + k)2 (k, + k, +k, +k)?

j:1121

Thus, taking into account (68)-(69) and (62) we can write the two-solution of
equation (60) in the following form
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g9+ g@
1+ fO 4@

Taking into consideration the above, we have proved the following theorem.

Theorem 4: If the function u(x,t) in equation (60) satisfies the condition

(61), then the one soliton solution of the equation (60) is in the form (67), two
soliton solution is in the form of (70) .

In the third paragraph of the third chapter it was shown to find the exact
solution of loaded Korteweg-de Vries equation.

We consider the loaded Korteweg-de Vries equation

u, —6uu, +u, —y(t)u,tu, =0, t>0, xekR, (71)

where y(t) is an arbitrary given continuous function. We obtain three types of
solutions of the traveling wave type of the equation (71) by using (G'/G) -
expansion method. This is expessed in the following theorem.

Theorem 5: If (A* —4u) >0, then the solution of equation (71) is in the form

of hyperbolic functions
2
JAS—4u \/22—4;1
(5) kZ(iZ _4[u) Clshfg_FCZCh#g
u(é) = -
2 2 2
con A 2

if (1> —4.) <0, then the solution is in the form of trigonometric functions

2
. «/4/1—/12 «/4/1—/12
“ K2(41— 22) —clsm#g@czcos#g
u =
2 / _ 12 / 72
clcosA'ﬂz;tg%chinA'ﬂzig

(70)

A%k?

+2K*u,

21,2
_AK +2k?u,

t
where §:kX—k3(iz—4y)t+kI7(r)u(0,1)dr+Qo; ¢, ¢, and Q° are arbitrary
0

constants, if (1> —4u) =0 then the solution is
2k?c?
(¢, +c,)*

t
where & =kx + kjy(r)u(o,r)dr +Q°%; ¢, ¢, and Q° are arbitrary constants.
0

u(x,t) =

In the fourth paragraph of the third chapter, it was shown to find the exact
solution of loaded modified Korteweg-de Vries equation.
Consider the following loaded modified Korteweg-de Vries equation

g, —60°q, + 0, — 7(1)a(0,t)q, =0, (72)
where q(x,t) is an unknown function, xeR, t>0, »(t) - is the given real
continuous function. We obtain three types of solutions of the traveling wave type
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of the equation (72) by using (G'/G) - expansion method. This is expessed in the
following theorem.
Theorem 6: If (1% —44) >0, then the solution of equation (72) is in the form

of hyperbolic functions
JA2-4 JAi-4
k2% —4u c,sh 5 ﬂ§+czch 5 “5

2 2 [,2 !
Clchﬂ'24’uéf+czsh/124’u§

q(5) =

K (A2 —4u)

where &=kx+ t+kj;y(r)q(0,r)dr+Q°, ¢, ¢, and Q° are arbitrary

constants, if (1*—4u)<0, then the solution is in the form of trigonometric

functions
2
B -7 Nau—A°
& K2(41— 12) —Clsln#§+C2COS#§
als) = -
2 [4, _ 72 [1,. ;2
clcoslwz/l(§+czsin4ﬂz/1§

]

A%k?

+2k*u

t
where &=kx—k3(A2 —4u)t +k j y(@u(0,7)dr+Q°; ¢, ¢, and Q° are arbitrary
0

constants, if (1* —4u) =0 then the solution is

a(é) =

ke,
c, +<&c,

1 VY1 21

The author is sincerely grateful to his scientific supervisor, Dr. Urazboev
Gayrat Urazalievich, for his constant attention and valuable advice in discussing
the results of this dissertation.

where & =kx + kj;y(r)q(o,r)dr +Q° ¢, c,, and Q° are arbitrary constants.
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CONCLUSIONS

The first chapter of the dissertation is devoted to inverse scattering theory for
the Dirac operator and to solving nonlinear evolution equation by using direct
methods.

The second chapter of the dissertation is dedicated to integrating loaded
nonlinear Schrodinger equation via inverse scattering method and to find
numerical solution of the Gelfand-Levitan-Marchenko integral equation.

The third chapter of the dissertation is concerned in finding the exact solution
of the nonlinear Schrédinger equation with self-consistent source, loaded nonlinear
Schrodinger equation, loaded Korteweg-de Vries equation and loaded modified
Korteweg-de Vries equation.

The main results of the research are as follows:

- proved the complete integrability loaded nonlinear Schrodinger equation in
the class of rapidly decreasing functions;

- proved the uniqueness theorem the Cauchy problems for the loaded
nonlinear Schrédinger equation in the class of rapidly decreasing functions;

- shown numerical solutions of the system Gelfand-Levitan-Marchenko
integral equations;

- found the soliton solutions of the nonlinear Schrédinger equation with self-
consistent source in the class of rapidly decreasing functions;

- found the soliton solutions of the loaded nonlinear Schrodinger equation in
the class of rapidly decreasing functions;

- shown exact solutions of the loaded Korteweg-de Vries equation

- shown exact solutions of the loaded modified Korteweg-de Vries equation.
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